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Abstract 

Let 9? be a Drinfeld j4-module of characteristic po over a finitely generated field K. 
Previous articles determined the image of the absolute Galois group of K up to 
commensurability in its action on all prime-to-po torsion points of or equivalently, 
on the prime-to-po adelic Tate module of In this article we consider in addition a 
finitely generated torsion free ^-submodule M ol K for the action of A through ip. 
We determine the image of the absolute Galois group of K up to commensurability 
in its action on the prime-to-po division hull of M, or equivalently, on the extended 
prime-to-po adelic Tate module associated to and M. 
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1 Introduction 



Let F be a finitely generated field of transcendence degree 1 over the prime field ¥p 
of characteristic p > 0. Let A be the ring of elements of F which are regular outside 
a fixed place oo of F. Let K be another field that is finitely generated over Fp, and 
let i^'^^P be a separable closure of K. Write End(Ga,i<') = K[t] with t{x) = . Let 
(p: A ^ K\t], a ^ (fa'^Q 3, Drinfeld ^-module of rank r ^ 1 and characteristic po- 
Then either po is the zero ideal of A and (/? is said to have generic characteristic; or 
Po is a maximal ideal of A and ip is said to have special characteristic. 

For brevity we call any maximal ideal of A a prime of A. For any prime p 7^ po of 
A the p-adic Tate module Tp[ip) is a free module of rank r over the completion ^p, 
endowed with a continuous action of the Galois group Ga\.{K^'^'^ / K) . The prime-to- 
po adelic Tate module T^{lp) = Hp^po '^piv) is then a free module of rank r over 
^ad = rip^po carrying a natural action of Galois. This action corresponds to a 
continuous homomorphism 

(LI) Gal(J^-P/K) ^ AutA^^iT^p)) - GU{A^). 

Its image Fad was determined up to commensurability by Pink-Riitsche [7] and Devic- 
Pink [2]; for special cases see Theorems 11.61 and 14.41 below. 

Let M C -ftT be a finitely generated torsion free 74-submodule of rank d for the 
action of A through ip. Then there is an associated prime-to-po adelic Tate module 
Tg^{ip, M), which is a free module of rank r-\-d over Ag^ carrying a natural continuous 
action of G8l{K^^^ /K). This module lies in a natural Galois equivariant short exact 
sequence 

(1.2) rad(v9) rad(^, M) M ^ad 0. 

Define Fad,M ^-s the image of the continuous homomorphism 

(L3) GaKi^^'^P/i^) ^ AutA,,(Tad(<^,M)) ^ GL,+d(Aad). 

Then the restriction to Tad (9?) induces a surjective homomorphism Fad,M Lad, 
whose kernel we denote by Aad,M- Since the action on M ®a ^ad is trivial, there is 
a natural inclusion 

(L4) Aad,M ^ Yiom A{M,T^{ip)). 

Any splitting of the sequence (jl.2p induces an inclusion into the semidirect product 

(L5) Fad,M-^rad><HomA(M,rad(<^)). 

The aim of this article is to describe these subgroups up to commensurability. 

In general the shape of these Galois groups is affected by the endomorphisms of (p 
over K^"^^ , and in special characteristic also by the endomorphisms of the restrictions 
of p to all subrings of A. Any general results therefore involve further definitions 
and notation. In this introduction we avoid these and mention only a special case; 
the general case is addressed by Theorems 15.11 and 16.61 and 16.71 Parts (a) and (b) 
of the following result are due to Pink-Riitsche [Tj Thm. 0.1], resp. Devic-Pink [21 
Thm. 1.1], and part (c) is a special case of Theorem 15.11 below: 
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Theorem 1.6 Assume that End/^scp ((^) = A, and in special characteristic also that 
End/^sop((^|i?) = A for every integrally closed infinite subring B C A. 

(a) If if has generic characteristic, then Fad is open in GL,.(j4ad)- 

(b) If (f has special characteristic, then Fad is commensurable with (ao) • SLf.(^ad) 
for some central element oq & A that generates a positive power o/pg. 

(c) The inclusions and U.5\) are both open. 

The method used to prove Theorem ll. 61 (c) and its generahzations is an adaptation 
of the Kummer theory for semiabehan varieties from Ribet [10] and predecessors. The 
main ingredients are the above mentioned descriptions of Fad and Poonen's tameness 
result [H] concerning the structure of K as an A-module via (/?. A standard procedure 
would be to first prove corresponding results for p-division points for almost all primes 
p 7^ po of A, and for p-power division points for all p 7^ po, and then to combine these 
individual results by taking products, as in [10], [I], [5], [7], [2], [3]. Instead, we have 
found a shorter way by doing everything adelically from the start. The core of the 
argument is the proof of Lemma 15.31 Therein we avoid the explicit use of group 
cohomology by trivializing an implicit 1-cocycle with the help of a suitable central 
element of Fad- On first reading the readers may want to restrict their attention 
to the case of Theorem 11.61 which requires only Section [21 a little from Section U 
and Section [5] with simplifications, avoiding Sections [3] and [6] entirely. Some of this 
was worked out in the Master's thesis of Haberli [3]. Our results generalize those of 
Chi-Li [U and Li [5]. 

The notation and the assumptions of this introduction remain in force throughout 
the article. 



2 Extended Tate modules 

Following the usual convention in commutative algebra we let ^(pg) C F denote the 
localization of ^ at po; this is equal to F if and only if (p has generic characteristic. 
Observe that there is a natural isomorphism of yl-modules 

(2.1) Apo)M = ®F,/A„ 

where the product is extended over all maximal ideals p 7^ po of ^ and where Fp 
and Ap denote the corresponding completions of F and A. This induces a natural 
isomorphism for the prime-to-po adelic completion of A: 

(2.2) ^ad := EndA(^(po)M) = H ^P' 

Pt^Po 

As a consequence, for any torsion A-module X that is isomorphic to (A(pg)/^)®'^ for 
some integer n, the construction 

(2.3) T{X):=RomA{A^p,)/A,X) 
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yields a free ^ad-module of rank n. Reciprocally T[X) determines X completely up 
to a natural isomorphism X = T{X) (8>Aad (^(po)/^)- Thus any A-linear group action 
on X determines and is determined by the corresponding ^ad-linear group action 
on T(X). Moreover, with 

(2.4) rp(X) :=Hom^(FpMp,X) 
the decompositions (12. ip and (12. 2p induce a decomposition 

(2.5) nx) - n w 

Pt^Po 

This will give a concise way of defining the p-adic and adelic Tate modules associated 
to the given Drinfeld module tp. 

We view K^^p as an yl- module with respect to the action A x K^^^ K^'^'^, 
(a, x) I— 7> (pa{x) and are interested in certain submodules. One particular submodule 
is K. Let M be a finitely generated torsion free A-submodule of rank d ^ contained 
in K. Then the prime-to-pQ division hull of M in K^°^ is the A-submodule 

(2.6) Div5P°]p(M) := {x e K^'^'p \ 3a e A \ po : (^^(x) e M}. 

Let Div^°^(M) denote the intersection of Div^LU^) with K. For lat er use we recall 
the following result proved by Poonen [HI Lemma 5] when K is a global field and (p 
has generic characteristic, and by Wang in general: 

Theorem 2.7 [DivJ." ^(M) : M] is finite. 

As a special case of the above, the prime-to-po division hull of the zero module 
E)iv^°ip({0}) is the module of all prime-to-po torsion points of if in K^'^'^. 

Proposition 2.8 There is a natural short exact sequence of A-modules 
. DiviP'i({0}) Biv'-^tiM) M ^(po) 1, 

where the map on the right hand side is described by x ^ (pa{x)®^ for any a G ^\po 
satisfying ipa{x) G M. 

Proof. The map is well-defined, because for any x G Div^sip(M) and any a, 
6 G j4 \ po satisfying ipa{x), (pbix) G M we have 

"Paix) O ^ = fa{x) ® ^ = 'PbiVaix)) ^ 
(Pb{x) = fb{x) ^ = faiVbix)) ® ^. 

The map is clearly j4-linear, and one easily shows that its kernel is Div^s]p({0}); 
hence the sequence is left exact. The exactness on the right results from the fact 
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that for any a € A \ po and any m G M, the polynomial equation <Pa{x) = m is 
separable of positive degree and therefore has a solution in K^'^'^. □ 

Dividing by M, the exact sequence from Proposition 12.81 yields a natural short 
exact sequence of A-modules 

(2.9) Div^l({0}) Bw^^ll{M)/M M^5a(^(po)M) 0. 

By the general theory of Drinfeld modules the module on the left is isomorphic to 
(^(pp)/A)®^, where r is the rank of ip. Using the functor T from (j2.3p . the prime-to-po 
adelic Tate module of ip can be described canonically as 

(2.10) TU^) := T{Biv%t{{0})) 

and is a free ^ad-™odule of rank r. Since M is a projective ^-module of rank d, the 
module on the right of (12. 9p is isomorphic to {Af^p^^ / A)®'^ , and together it follows that 
the module in the middle is isomorphic to {A(^p^-^ / A)'^^^~^'^\ The extended prime-to-po 
adelic Tate module of f and M 

(2.11) T^{ip,M) := T{Bw%t{M)/M) 

is therefore a free Aad-niodule of rank r + d. Moreover, the exact sequence (j2.9p 
yields a natural short exact sequence of Aad-modules 

(2.12) Tad(</5) T^div, M) M ®A A^ 0. 

All this decomposes uniquely as Ts^{lp) = Hp^po ^p('^) (j2.5p . 

By construction there is a natural continuous action of the Galois group Gal{K^'^^ /K) 
on all modules and arrows in Proposition 12.81 and in (12. 9p . This induces a continuous 
action on the short exact sequence (I2.12p . which in turn determines the former two 
by the following fact: 

Proposition 2.13 The action of Gsi\{K^°'^ / K) onDiv^sip(M) is completely deter- 
mined by the action on Ti^d{(p,M). 

Proof. For any a G Gal{K^'^^ / K) the endomorphism x i-> a{x) — x of Div^scp(M) 
is trivial on M, because that module is contained in K. Also, the image of this 
endomorphism is contained in Div^°]p({0}), because for any a € A\po with ipa{x) G 
M we have ifa{(^{x) — x) = a{ipa{x)) — tpa{x) = 0. Thus the endomorphism factors 
through a homomorphism Div^°ip(^)/^ — > Div^°ip({0})- But by (USD the latter 
homomorphism is determined completely by the action of a on D\w%^l^{M)/M, and 
thus by the action of a on T.^^{ip, M), as desired. □ 

Let Fad and Fad,M denote the images of Gal{K^''^ / K) acting on Tad(y') and 
Tad{ip, M), as in (II. ip and (|1.3p . Restricting to Tg^div) induces a surjective homo- 
morphism Fad,M Tad) and we define A^d.M by the short exact sequence 

(2.14) 1 Aad,A/ ^Tad.M ^ Tad ^ 1- 
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For any m £ M take an element t G Tg^di^^M) with image m (8) 1 in M (8)^ ^ad- 
Since any 6 G Aad,M acts triviahy on rad(v)) the difference 6{t) — t depends only on 
5 and m. Since 6 also acts trivially on M 0^ ^adi the difference lies in Tg^^i^) and 
therefore defines a map 

(2.15) Aad.Af X M ^ rad(v^), {d, m) ^ {6, m) := 6{t) - t. 

By direct calculation this map is additive in 6 and j4-linear in m. By the construction 
of Aad,M the adjoint of the pairing (j2.15p is therefore a natural inclusion, already 
mentioned in ()1.4p : 

(2.16) Aad,M HomA(M,Tad(<^)). 

Let R := End/f((^) denote the endomorphism ring of (p over K. This is an A- 
order in a finite dimensional division algebra over F. It acts naturally on K and 
K'^P and therefore on DivSP°]p({0}) and T^d{^), tur ning the latter two into modules 
over i2ad •= R <^yl ^ad- As this action commutes with the action of Fad, it leads to 
an inclusion 

(2.17) Fad C Aut^^,(rad((/^)). 

The decomposition (12. 2p induces a decomposition i?ad = Hp^po -^P '^^ere Rp := 
R (8)A acts naturally on Tp{ip). 

If M is an i?-submodule of K, then R and hence i?ad also act on Div^scp(Af) 
and Tad(y', M), and these actions commute with the action of Fad,M. The inclusion 
(j2.16p then factors through an inclusion 

(2.18) Aad.M ^ Homfi(M,rad(v7)). 

Moreover, any i?-equivariant splitting of the sequence (12.120 then induces an embed- 
ding into the semidirect product 

(2.19) Fad,A/ Fad X Homfi(M, T,div))- 



3 Reduction steps 

For use in Section [6] we now discuss the behavior of extended Tate modules and their 
associated Galois groups under isogenics and under restriction of ip to subrings. 

First consider another Drinfeld ^-module ip' and an isogeny f : ip ^ ip' defined 
over K. Recall that there exists an isogeny g: ip' — t- ip such that g o f = (p^^ for 
some non-zero a £ A. From this it follows that M' := f{M) is a torsion free finitely 
generated ^-submodule of K for the action of A through ip'. Thus / induces Aad- 
linear maps from the modules in (j2.12p to those associated to ip' and M'. The 
existence of g implies that these maps are inclusions of finite index. Together these 
maps yield a commutative diagram of j4ad-niodules with exact rows 

Tad(y^) Tad((/?, M) M (^A A^ 

1 i 1' 

T^div') T,d{v>',M') M' (E)A ^ad 0. 
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By construction all these maps are equivariant under Gal{K^°^ /K); hence the images 
of Galois in each column are canonically isomorphic. If we denote the analogues of the 
groups Aad,A/ C Tad,!/ ^ T^d associated to (p' and M' by A^^^^^, C T^^^^,^, T^^, 
this means that we have a natural commutative diagram 

Tad-*^ Tad.A/ => Aad,A/^^ ^ Hom^(Af, Tadlv^)) 

p. 

(3.2) ill 

r^d- — <M' ^ <M'^ — ^Hom^(M',rad(^0), 

where the vertical arrow on the right hand side is an inclusion of finite index. 

Next let B be any integrally closed infinite subring of A. Then A is a finitely 
generated projective i?-module of some rank s ^ 1. The restriction := ip\B is 
therefore a Drinfeld i?-module of rank rs over K, and the given A-module M of 
rank d becomes a S-module of rank ds. Moreover, since the characteristic of ip is by 
definition the kernel of the derivative map a i— >• dipa, the characteristic of is simply 
c|o Po n i3. In analogy to ()2.2p we have 

(3.3) Sad := EndB(%,)/i3) ^ H ^1' 

where the product is extended over all maximal ideals q 7^ qo of -B. Thus 

(3.4) A^BB^d = llA 

ptqo 

is in a natural way a factor ring of Aad ■ More precisely, it is isomorphic to ^ad if the 
characteristic po cind hence qo is zero; otherwise it is obtained from ^ad by removing 
the finitely many factors for all maximal ideals p ^ po of ^ above qo- In particular 
we have a natural isomorphism A (8)_b -Bad — ^ad if and only if po is the unique prime 
ideal of A above qo. 

Proposition 3.5 The exact sequence Ii2.12\l for ip and M is naturally isomorphic to 
that obtained from the exact sequence Ii2.1^) for ip and M by tensoring with A^sB^d 
over Aad • In particular we have a commutative diagram with surjective vertical arrows 

rad(</5) Tad(</^, M) M ^ad 

w ! ; ; ; 

Tad(^) rad(V, M) M Sad 0. 

If po is the only prime ideal of A above qo , the vertical arrows are isomorphisms. 

Proof. According to (j2.6p the prime-to-po division hull of M with respect to p and 
the prime-to-qo division hull of M with respect to ip are 

Bw^l°l{M) := {xGR^'p \ 3a€A\po:ipa{x)(^M}, 
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Here the latter is automatically contained in the former, because any & € i? \ qo 
with tpbi-c) € M is by definition an element a := b G A \ pQ with ipai^) € M. Thus 
Div^°ip (M) /M is the subgroup of all elements of Div^^ei (^) /M that are annihilated 
by some element of i?\qo- In other words, it is the subgroup of all prime-to-qo torsion 

(n ) 

with respect to B, or again, it is obtained from Div)^°4 (M) /M by removing the p- 
torsion for all maximal ideals p 7^ po of ^ above qo- In the same way A®b (-^(qo)/^) 
is isomorphic to the submodule of A(^pg-j/A obtained by removing the p-torsion for 
all p|qo- The same process applied to the exact sequence (12. 9p therefore yields the 
analogue for -0 and M. By definition the exact sequence (|2.12p for ^0 and M is 
obtained from this by applying the functor 

X ^ HomB(B(q„)/S,X) ^ Bom a{A(^b{B(^^^)/B),X) 

analogous to ()2.3p . The total effect of this is simply to remove the p-primary factors 
for all p|qo from the exact sequence (j2.12p for ip and M, from which everything 
follows. □ 

By construction the diagram in Proposition [33] is equivariant under Gal^K^^"^ /K). 
It therefore induces a natural commutative diagram of Galois groups 

AutA,d(rad(^)) 3 Tad-^ rad,A/ 3 Aad.Af^ Hom^(M, Tad (<^)) 

(3-6) I i 1 

AutB,,(rad(V)) ^ rfd- ^tA,M A^d,M^ ^ Hom^lM, TadW), 

where the subgroups in the lower row are the analogues for ip and M of those in 
the upper row. By construction the left two vertical arrows are surjective, and they 
are isomorphisms if po is the only prime ideal of A above qo. In that case the 
rightmost vertical arrow is injective and it follows that the map Aad,A/ ~^ ^ad M 

an isomorphism as well. In general one can only conclude that A^^ ^ contains the 
image of Aad,Af- In any case the diagram (13. 6p gives a precise way of determining 

rad,M from Tad.M- 



4 Previous results on Galois groups 

In this section we recall some previous results on the Galois group Fad- Its precise 
description up to commensurability depends on certain endomorphism rings. The 
endomorphism ring of a Drinfeld module of generic characteristic is always commu- 
tative, but in special characteristic it can be non-commutative. In the latter case 
it can grow on restricting to a subring B of A, and this effect can impose addi- 
tional conditions on Tad- The question of whether the endomorphism ring becomes 
stationary or grows indefinitely with B depends on the following property: 

Definition 4.1 We call a Drinfeld A-module of special characteristic over K isotriv- 
ial if over K^'^^ it is isomorphic to a Drinfeld A-module defined over a finite field. 
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The next definition is slightly ad hoc, but it describes particular kinds of Drinfeld 
modules to which we can reduce ourselves in all cases, allowing a unified treatment 
of Kummer theory later on. 

Definition 4.2 We call the triple {A, K, ip) primitive if the following conditions hold: 

(a) R := Endxi^) ^■^ equal to End/<sop((^). 

(b) The center of R is A. 

(c) R is a maximal A-order in R ®a F- 

(d) If ip is non-isotrivial of special characteristic, then for every integrally closed 
infinite subring B C A we have End_R-scp((^|i5) = R. 

(e) If (p is isotrivial of special characteristic, then A = Fp[ao] with ipag = t^'^/^p^ 
where k denotes the finite field of constants of K . 

Proposition 4.3 Let A' denote the normalization of the center o/ Endi^scp ((^) . 

(a) There exist a Drinfeld A' -module ip' : — > Er^*^P[r] and an isogeny f : ip p'\A 
over ET^^P such that A' is the center o/ Endi<-scp((^'). 

(b) The characteristic pQ of any ip' as in (a) is a prime ideal of A' above the char- 
acteristic po of ip. 

(c) There exist a finite extension K' C i^^°P of K, a Drinfeld A' -module ip' : A! ^ 
K'\t\, an isogeny f : ip ^ over K' , and an integrally closed infinite subring 
B C A' such that A' is the center o/Endi^scp((^') and (B, K' , ip'\B) is primitive. 

(d) The subring B in (c) is unique unless ip is isotrivial of special characteristic, in 
which case it is never unique. 

(e) For any data as in (c) the characteristic pQ of p' is the unique prime ideal of 
A' above the characteristic qo of ip'\B. 

Proof. Applying [21 Prop. 4.3] to ip and the center of End/^scp((^) yields a Drinfeld 
^-module ip: A ^ K^'^^[t] and an isogeny f : ip ^ ip over K^'^^ such that A' is 
mapped into Endi<:sop ((^) under the isomorphism Endi^sop((^)(g)^F = End/^scp((^)(g)^F 
induced by /. Then A'^aF is the center of Endi^sep and since A' is integrally 

closed, it follows that A' is the center of Endi<-scp ((^) . The tautological homomorphism 
A' > Endi<-sop ((^) ^ if^°P[r] thus constitutes a Drinfeld ^'-module ip' with ip'\A = ip 
and Endi<-sop (yp') = Endft-s<:p(<^). In particular the center of End/i-scp((y9') is equal to A' , 
proving (a). 

For (b) recall that the characteristic of ip' is the kernel of the derivative map 
a' ^ dip'^,. Calling it pQ, the characteristic of ip'\A is then pgH^. As the characteristic 
of a Drinfeld module is invariant under isogenics, it follows that pQ lies above po, 
proving (b). 

For the remainder of the proof we take any pair ip' and / as in (a). We also choose 
a finite extension K' C K^°^ of K such that ip' and / are defined over K' and that 
Endi^'(y5') = End/^scp((^'). 

Suppose first that ip' has generic characteristic. Then Endi^'((^') is commutative 
and hence equal to A' , and so the triple {A' , K', ip') is already primitive. This proves 
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(c) with B = A' . Also, for any integrally closed infinite subring B C A' the ring 
End;<'sep((^'|i?) is commutative and hence again equal to Endi^scp((^') = A'. Thus 
{B,K',ip'\B) being primitive requires that B = A', proving (d). Since B = A', the 
assertion of (e) is then trivially true. 

Suppose next that ip' is non-isotrivial of special characteristic. Then by [U 
Thm. 6.2] there exists a unique integrally closed infinite subring B C A' such that B 
is the center of End/^sop((^'|i?) and that EndifsGp((^'|i?') c End/^scp((^'|i?) for every 
integrally closed infinite subring B' C A'. For use below we note that both proper- 
ties are invariant under isogenics of if' , because isogenies induce isomorphisms on the 
rings Endi^scp(93'|i?') (g)^/ Quot(i?'). By uniqueness it follows that B, too, is invariant 
under isogenies of ip' . 

After replacing K' by a finite extension we may assume that Endi^'((^'|i?) = 
Endii-scp((^'|i?). Then the triple {B, K' , f'\B) satisfies the conditions in Definition [42] 
except that EndK'{^'\B) may not be a maximal order in End;<:'(V'')'X'_BQuot(i?). But 
applying [21 Prop. 4.3] to ip'\B and End;f/((/?'|i?) yields a Drinfeld i?-module ip' : B ^ 
K'[t] and an isogeny g: ip'\B — )> ip' over K' such that End/^' (V'') is a maximal order 
in Fiudx'iip') 'S'b Quot(i?) which contains FindK'{(p'\B). By the preceding remarks 
we now find that {B,K' is primitive. Moreover, the composite homomorphism 
A' ^ Endi^/(99') ^ Endi^/((/9'|5) ^ Endi^/(^') ^ K'[t] constitutes a Drinfeld A'- 
module ip" with 'p"\B = ip' . After replacing {ip' , f) by {ip", gof) the data then satisfies 
all the requirements of (c). Assertion (d) follows from the above stated uniqueness 
of B, and (e) follows from [6l Prop. 3.5]. 

It remains to consider the case where (p' is isotrivial of special characteristic. 
In this case we may assume that (p' is defined over the constant field k' of K' . 
Any endomorphism of tp' over K^^^ is then defined over a finite extension of k' , 
but by assumption also over K'; hence it is defined over k' . In other words we have 
Endi^sop((^') c k'lr]. Since t^'^'/^p'i lies in the center of the A:'[t], it thus corresponds to 
an element of the center of End/^scp((^'). As this center is equal to A' by assumption, 
there is therefore an element oq S A' with p'^^^ = t^^'/^p^. Set B := Fp[ao] C A' 
which, being isomorphic to a polynomial ring, is an integrally closed infinite subring 
of A'. Then EndK^op(ip'\B) is the commutant of t^'^'/^p^ in K^^^[t] and hence just 
fe'[r]. By a standard construction this is a maximal i?-order in a (cyclic) central 
division algebra over Quot(i?); hence {B, K' ,ip'\B) is primitive, proving (c). For (d) 
observe that replacing K' and k' by finite extensions amounts to replacing oq by an 
arbitrary positive power Qq. Thus the ring B is really not unique in this case, proving 

(d) . Finally, assertion (e) follows from [21 Prop. 6.4 (a)]. This finishes the proof of 
Proposition 14.31 □ 

Assume now that {A, K, ip) is primitive and that ip has rank r. Then R F is 
a central division algebra of dimension iv? over F for some factorization r = mn. 
Thus for all primes p / po of A, the ring i?p := R is an Ap-order in the 

central simple algebra R (d)A Fp of dimension m? over Fp and is isomorphic to the 
matrix ring Matmxm(^p) for almost all p. Let Dp denote the commutant of Rp in 
End^p {Tp(ip)). This is an j4p-order in a central simple algebra of dimension over Fp 
and is isomorphic to the matrix ring Mat„xn(^p) for almost all p. Let denote the 
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multiplicative group of elements of Dp of reduced norm 1 . Set 

:= n ^ EndA^ATM) 
Pt^Po 

and 

^ad ■■= n ^P ^ ^a'd C AntA^,{TM)- 
Pt^Po 

If (/3 has generic characteristic, we have m = 1 and therefore Dp = Endyip (Tp((^)) = 
Matrxr(^p) for ah p. 

If If is non-isotrivial of special characteristic po, let oq be any element of A that 
generates a positive power of po- If is isotrivial, the element oq from Definition 14.21 
(d) already has the same property. In both cases we view uq as a scalar element of 
-^ad diagonal embedding A C ^ad C -Dad) and let (oq) denote the pro-cyclic 

subgroup that is topologically generated by it. 

In general the group Tad was described up to commensurability in Pink-Riitsche 
[7] and Devic-Pink [2]. In the primitive case [Tj Thm. 0.1] and jjl, Thm. 1.1, Prop. 6.3] 
imply: 

Theorem 4.4 Assume that (A, K, ip) is primitive, 
(a) If ip has generic characteristic, then Pad is open in D^^ . 

(h) If is non-isotrivial of special characteristic, then n ^ 2 and Pad is commen- 
surable with (oq) • -Dad- 

(c) If (f is isotrivial of special characteristic, then n = 1 and Pad = (oo) with oq 
from \4-^ (c). 

Corollary 4.5 Assume that {A, K, ip) is primitive. 

(a) Let ©ad denote the closure of the ¥p-subalgebra of D^^ generated by Pad- Then 
there exists a non-zero ideal a of A with o ^ po such that oDad C 0ad- 

(b) There exist a scalar element 7 € Pad t^^^ ol non-zero ideal b of A with b ^ po 
such that 7 = 1 modulo b^ad but not modulo pb^ad for any prime p 7^ po of A. 

Proof. Any open subgroup of D^, and for n ^ 2 any open subgroup of -Dad' 
generates an open subring of -Dad- Thus the assertion (a) follows from Theorem 
14.41 unless ip is isotrivial of special characteristic. But in that case we have Gad = 
IFplc^o] = ^ad = -Dad and (a) follows as well. 

In generic characteristic the assertion (b) follows directly from the openness of Pad - 
In special characteristic some positive power Cq lies in Pad, and so (b) holds with 
7 = Oq and the ideal b = (aq — 1). □ 
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5 The primitive case 



Now we prove the following result, of which Theorem 11.61 (c) is a special case: 

Theorem 5.1 Assume that {A,K,ip) is primitive. Set R := EndKif) ^'^^ M 
be a finitely generated torsion free R-submodule of K . Then the inclusions Aad,A/ C 
Homij(M,rad(9')) andTi,d,M C Tad x Homij(M, TadCv?)) are both open. 

So assume that {A,K,if) is primitive. Let the subring 0ad C -Dad, the element 
7 G Fad, and the ideals o, b C ^ be as in Corollary 14. 5i Since M C Div^^°\M) has 
finite index by Theorem 12.71 we can also choose a non-zero ideal c of A with c ^ po 
such that c • Div^"^(M) C M. With this data we prove the following more precise 
version of Theorem 15.11 

Theorem 5.2 In the above situation we have abc ■ Hom^(M, Tad(y')) C Aad,Af- 

In the rest of this section we abbreviate Tad := T'ad('/5) and M*^ := Hom/j(A/, Tad)- 
Recall that the embedding Aad.Af C M*^ is adjoint to the pairing ( , ) from ()2.15p . 
The arithmetic part of the proof is a calculation in Div^sip(M) with the following 
result: 

Lemma 5.3 For any prime p ^ pQ of A and any element m & M satisfying (Aad,A/i rn) C 
pbcTad we have m € pM. 

Proof. The assumption on 7, viewed as an element of Aad, means that 7 — 1 € 
^'^ad \ P^'^ad- By the Chinese remainder theorem we can find an element 6 G A \ po 
satisfying 6 = 7 — 1 modulo pbcAad- Then by construction we have 6 € b \ pb, and 7 
acts on all pbc-torsion points of if through the action of 1 + 6 € yl. By the Chinese 
remainder theorem we can also find elements a, c € A \ po with a € p \ p^ and 
c € c \ pc. Then the product abc lies in pbc \ (p^bc U po). In particular the order of 
abc at p is equal to that of pbc, and so we can also choose an element d G ^ \ p such 
that dpbc C (abc). 

For better readability we abbreviate the action of any element e G A on an 
element x G K^°^ by ex := (pe{x). Since abc G ^ \ po, we can select an element 
m G Div^s]p(M) with ahem = m. Then m := dm is an element of Div^acp(M) which 
satisfies abcfh = dm. By construction m lies in ET^^'p, but we shall see that it actually 
lies in a specific subfield. 

Namely, choosing a compatible system of division points of fh we can find an 
A-linear map i: ^(p(j) — ?• Div^scp(M) satisfying t(^) = m. Then t(l) = abcfh = dm 

lies in M; hence t induces an A-linear map t: A(p„)M ^ DivJ^^p (M)/M. By the 
construction (j2.1ip this map is an element of Tad (9?, whose image in M (^a ^ad is 
dm®l. For any 6 G Aad,A/ the definition (12.150 of the pairing now says that [5, dm) = 
6{t) — t. But the assumption (Aad,A/i ""t-) C pbcTad implies that (Aad,Af) c?"^) C 
dpbcTad C abcTi^d and therefore 6{t) — t £ abcTg^d- Thus 6{t) — t is the multiple by 

(n \ 

abc of an ^-linear map 

A(p„)M ^ Div^°jp({0}); hence it is zero on the residue class 
of By the construction of t this means that 6{m)—m = 0. Varying 5 we conclude 
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that m is fixed by Aad.A/; in other words, it lies in the subfield C K^^p with 
Gal(/Cad/i^) = Tad. 

Now consider any element a G Gsl^K^^^ /K). The fact that m lies in K implies 
that 

abc{a — l){m) = {a — l){abcm) = {a — l)(m) = 0. 

Thus (fj — l){fn) is annihilated by abc and hence by the ideal dpbc C (abc). The 
element {a — l)(m) = d{a — l)(m) is therefore annihilated by the ideal pbc. Since 7 
acts on all pbc-torsion points through the action of 1 + 6 € ^, it follows that 

(l + 6-7)((fT-l)(m)) = 0. 

On the other hand we have fh G i^adi and since 7 lies in the center of Fad, its action 
on ii'ad commutes with the action of a on -f^ad- Thus the last equation is equivalent 
to 

(fT-l)((l + 6-7)(m)) = 0. 

As <T G Gal{K''''P / K) was arbitrary, it follows that (1 + 6 - 7)(m) G K. 

bmce m lies in Dw''^°2AM), we can now deduce that (l + 6-7)(m) G Div5P°^(M). 
By the choice of c and c it follows that c(l + 6 — 7)(m) G M. The fact that dm = abcrh 
thus implies that 

(1 + 6 - 7) (dm) = (1 + 6 - j){abcm) = abc{l + b-j){m)e abM. 

But dm is an element of K and therefore satisfies (1 — 7) (dm) = 0. Thus the last 
relation shows that actually bdm G abM and so dm G aM. Since a G p and d ^ p, 
this implies that m G pM, as desired. □ 

The rest of the proof of Theorem 15.21 involves rings and modules. It is easier 
to understand if R = A, in which case Dp = Matr.xr(^p) for all p, so the readers 
may want to restrict themselves to that case on first reading. For general facts on 
maximal orders in semisimple algebras see Reiner [9]. 

Using [HI Cor. 11.6], the assumptions 14.21 imply that for any prime p 7^ po of A 
the ring Rp := R ®a is a maximal order in a finite dimensional central simple 
algebra over Fp. By [9l Thm. 17.3] we can therefore identify it with the matrix ring 
Mat„pxnp('S'p)5 where Sp is the maximal order in a finite dimensional central division 
algebra over Fp. Here np ^ 1 may vary with p. Let Lp := Sp denote the tautological 
left i?p-module. Since Tp := Tp{ip) is a non-trivial finitely generated torsion free left 
i?p-module, it is isomorphic to L'^"^'' for some mp ^ 1 by [9l Thm. 18.10]. Thus 
Dp := EndRp(Tp) is isomorphic to the matrix ring Matmpxmp('S'p^^) over the opposite 
algebra S'p^^. Let A'p := (5°??)©*"? denote the tautological left F'p-module; then 
as a Z)p-module Tp is isomorphic to A^p . Moreover, by biduality, using Morita 
equivalence [9l Thm. 16.14] or direct computation, we have 

(5.4) Rp^Endo.iTp). 

Next, since R is a maximal order in a division algebra over the Dedekind ring A, 
and M is a finitely generated torsion free i?-module, M is a projective iZ-module by [9l 
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Cor. 21.5], say of rank £ ^ 0. For each p / po we therefore have Mp := M^^Ap = Rf^ 
as an iip-module. Consequently Mp := Hom/j(M, Tp) = as a Dp-module via the 
action of Dp on Tp. Using the biduality (j5.4p we obtain a natural isomorphism 

(5.5) Mp ^HomB,(Mp*,rp). 

Taking the product over all p ^ pQ yields adelic versions of all this with Tad = 11 
and i?ad = n ^P and D^^ = UDp and M*^ = J] Mp*. 

Recall that Aad,A/ is a closed additive subgroup of = H-^^p*- Let Ap denote 
its image under the projection to Mp . 

Lemma 5.6 For any p 7^ po and any Dp-linear map f : M* — > A'^p satisfying /(Ap) C 
pbcA'p, we have /(Mp*) C pA'^p. 

Proof. Since A'p is a Dp-module isomorphic to a direct summand of Tp, it is 
equivalent to show that for every T)p-linear map g: Mp — )> Tp with g{Ap) C pbcTp we 
have g{M*) C pTp. Let ( , ): Mp* x Mp Tp denote the natural ^p-bihnear map. 
Then the biduality (|5.5p says that g = (_, mp) for an element rup € Mp. Write pbc = 
p*0 for an integer i ^ 1 and an ideal of A that is prime to p. Choose any element 
m M which is congruent to mp modulo p*Mp and congruent to modulo dM. 
Then the assumption (Ap,mp) = g{Ap) C pbcTp implies that (Aad.Mi^i) C pbcTad- 
By Lemma 15.31 it follows that m € pM. Consequently rup € pMp and therefore 
g{Mp) = (Ap,mp) C pTp, as desired. □ 

Now observe that Aad,M C M*^ is a closed additive subgroup that is invariant 
under the action of Fad- It is therefore a submodule with respect to the subring 
©ad ■= lFp[Fad] of Dad from Corollary 14.51 (a). By 14.51 (a) we therefore have 

(5.7) A'ad := aDadAad.M C Aad,M- 

By construction A^^ is a submodule over Dad = and therefore itself a product 
A'^^ = n for Dp-submodules A|, C Mp*. 

Lemma 5.8 For any p 7^ po and any Dp-linear map f : Mp — ?> A'^p satisfying /(Ap) C 
pabcA'p, we have /(Mp*) C pA'p. 

Proof. The definition of Ap implies that aDpAp C Ap. Thus by assumption we 
have a/(Ap) C /(aDpAp) C /(Ap) C pobcA'p and therefore /(Ap) C pbcA'p. By 
Lemma 15.61 this implies that /(Mp) C pA'p. □ 

Lemma 5.9 For any p / po we have abcMp* C Ap. 

Proof. Let trip denote the maximal ideal of Sp^"^ . Then by [9l Thm. 13.2] we have 
p/Sp^^ = nip for some integer e ^ 1. The general theory says the following about 
the structure of the module Mp/Ap over the maximal order Dp. On the one hand, 
by Knebusch [U Satz7] the torsion submodule of Mp*/Ap is a finite direct sum of 
indecomposable modules isomorphic to Np/mp'Np for certain integers ji, ^ 1. On 
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the other hand, the factor module of Mp/Ap by its torsion submodule is projective 
by Cor. 21.5] and hence isomorphic to a direct sum of copies of A'^p. That the 
factor module is projective also implies that Mp / Ap is isomorphic to the direct sum 
of its torsion submodule with the factor module. Together it follows that Mp / Ap is 
a finite direct sum of modules isomorphic to A'^p or to A'p/mp''A'p for certain integers 

ju > 1. 

To use this fact, let p* denote the highest power of p dividing abc. If no summand 
isomorphic to A'p occurs in M*/Ap and all exponents ji, are ^ ei, then Mp/Ap is 
annihilated by p*5p'''^ = mp*. In this case it follows that abcMp* = p*Mp* C Ap, as 
desired. 

Otherwise there exists a surjective Dp-linear map MpVA; ^ ATp/m^^+iATp. Com- 
posed with the isomorphism 

N^/mf+^Np ^ mp^Afp/p^+iATp = m^-^Afp/pobcA^p, 

this yields a Z)p-linear map Mp/Ap N^/fiabcNp whose image is not contained in 
pNp/ipahcNp = TrtpA'^p/pabcA'p. As Mp* is a projective Dp-module, the latter map can 
be lifted to a Dp-linear map /: Mp — > A'p. By construction this map then satisfies 
/(Ap) C pabcA'p and f{M*) \>Np. But that contradicts Lemma [5?8| hence this 
case is not possible and the lemma is proved. □ 

Taking the product over all p. Lemma 15.91 and the inclusion (15. 7p imply that 
obcM*j C A^j C Aad,j\/- This finishes the proof of Theorem 15.21 In particular it 
proves the first assertion of Theorem 15.11 from which the second assertion directly 
follows. 

6 The general case 

First we note the following general fact on homomorphisms of modules: 

Proposition 6.1 Let S be a unitary ring, not necessarily commutative, and let M 
and N be left S -modules. Let X be a subset of M and SX the S -submodule generated 
by it. Let Hom(-5)(X, A^) denote the set of maps £: X ^ N such that for any finite 
collection of Si & S and Xi G X with SjXj = in M we have Sii{xi) = in N. 

(a) The restriction of maps induces a bisection Hom5(S'X, A^) ^ Hom(5)(X, A^). 

(b) If R is a unitary subring of S such that X is an R-submodule and the natural 
map S (giR X M, si® Xi ^ SiXi is injective, then Hom(5)(X, A^) = 
YLomR{X,N). 

(c) If X is an S-submodule of M , then Hom(5)(X, A^) = Hom5(X, A^). 

Proof. Let F := ^ ^ ' be the free left S-module over the set X and consider 
the natural 5- linear map F — >■ M, Si[xi\ ^ Yli ^i^i- Since S is unitary, the image 
of this map is SX. Let T denote its kernel. Then giving an S-linear map SX N 
is equivalent to giving an S'-linear map F ^ N which vanishes on T. Using the 
universal property of F we find that the latter is equivalent to giving an element of 
Hom(5)(X, A^). The total correspondence is given by restriction of maps, proving (a). 
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In (b) we have S X SX; hence the adjunction between tensor product 
and Horn yields bijections B.omsiSX,N) ^ RomsiS i^r X, N) ^ }iomR{X,N). 
Their composite is again just restriction of maps; so by (a) the restriction map 
Hom(5)(X, A^) — )• Hom/j(X, A^) is also bijective, proving (b). 

Finally, (c) is a special case of (a) or (b), according to taste. □ 

Now we return to the situation of Section [H We choose data (A' , K', ip' , f, B) as 
in Proposition 14.31 (c), that is: We let A' denote the normalization of the center of 
Endii-scp(99), take a finite extension K' C K^"^^ of a Drinfeld ^'-module (/?': A' ^ 
K'[t], an isogeny /: ip — > ip'\A over K\ and an integrally closed infinite subring 
B C A' such that A' is the center of Endx^cp ((/?') and {B, K' ,ip'\B) is primitive. By 
Proposition 14.31 (e) the characteristic pg of ip' is then the only prime ideal of A' above 
the characteristic qo of (p'\B. We will apply the reduction steps from Section [3] to the 
isogeny / and to each of the inclusions A C A' D B. 

Specifically, let us set V' := <^'\B and S' := EndxBcp(^/;'). Then M' := A'f{M) 
is a finitely generated A'-submodule of K' for the action of A' through ip', and so 
N' := S'M' is a finitely generated i?-submodule for the action of B through ■0'. The 
modules M' and N' may have torsion, but since they are finitely generated, their 
torsion is annihilated by some non-zero element a' € A'. Replacing the isogeny / by 
cp'^, of replaces M' by a'M' and A^' by a'N'; hence we may without loss of generality 
assume that M' and A^' are torsion free. 

Let A^^ j^, C j^j, -» denote the Galois groups as in (j2.14p associated 
to {K',ip',M') in place of {K,{p,M), and similarly for {K' ,<p\N'), respectively for 
{K\ij)' ,N'), and so on. Then Proposition 13.51 for the inclusion A' ^ B yields a 
natural commutative diagram with exact rows 

-Tad((^') 

(6.2) ||( 

— -rad(^') 

The action of S' on the lower row thus yields a natural action on the upper row. 
Recall from (I2.19P that any S'-equivariant splitting induces an embedding 

(6.3) r^;^, ^ X Hom5KiV',Tad(V'))- 

Since {B, K' ,1^') is primitive, this embedding is open by Theorem 15.11 The isomor- 
phisms from ()3.6p thus yield an open embedding 

(6.4) r^d,7V' ^ X Hom5KiV',T,d(v^')). 

Since A^' = S'M', the Galois action on T.^^[ip' ,N') is completely determined by the 
action on Tad (95', M'); in other words the restriction induces a natural isomorphism 
jy, = j^ji. This together with Proposition 16.11 (a) yields an open embedding 

(6.5) r^;,,,, ^ K Hom(5,)(M',rad((/^')). 



T^Aiv', N') N' ®A' <d 

TM', N') N' Sad 0. 
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The next natural step would be the passage from {K' ,(p' ,M') to {K' ,(p'\A,M'). 
However, this runs into the problem that S' does not necessarily act on Tad(v''|^), 
because T^{(p'\A) is obtained from Tad(<^') — Hp'^p' -^P'('^') removing all factors 
with p'IPq, which are not necessarily preserved by the non-commutative ring S' . Thus 
if p'o is not the only prime above po, it would be ugly to precisely describe the image of 
Hom(5/)(M', Tad('/^')) ™ HomA(M', Tad(v?'|^)) in general, though of course it can be 
done. We therefore restrict ourselves to two special cases, with the following results: 

Theorem 6.6 Assume that A is the center of Endj<-sop((^). With A' := A let 
{K',ip',f,B) be as in Proposition \4.3\ (c), and set S := Endx^cp^iplB). Let M be 
a finitely generated torsion free A-submodule of K . Then Aad,M is commensurable 
with the subgroup Hom(5)(M, Tad(v3)) 0/ Hom^(M, Tad o,nd FadjM is commen- 
surable with Fad X Hom(-_5)(M, Tad(v))• 
Proof. With the above notation / induces an isomorphism M ^ M' and an embed- 
ding of finite index Ts.^{ip) ^ T^^di^')- It also induces an isomorphism S Quot(i?) 
— S' i^iB Quot(i?) under which the intersection of S and S' has finite index in both. 
Since Tad (92) and Tad(v'') are torsion free ^ad-modules, this implies the equalities and 
an inclusion of finite index in the diagram 

Hom(5)(M,rad(v5)) = Rom^snS')iM,T,d{^)) 

Hom(5,)(M',Tad(v?')) = ^om^snS'){M',T,d{ip')). 

With (j3.2p and the open embedding (j6.5p this shows that the image of Gal{K^^P /K') 
associated to {K',ip,M) is an open subgroup of Fad x Hom(5)(M, Tad This 
implies the assertion about Fad,!/, from which the assertion about Aad,j\/ directly 
follows. □ 

In the other special case we drop all assumptions on endomorphisms, but instead 
assume something about M: 

Theorem 6.7 Let {A' ,K' ,ip' , f,B) be as in Proposition \4.3\ (c), and set S := Endxs^p(v'l-S)- 
Let M be a finitely generated torsion free A-submodule of K such that the natural 
map 

is injective. Then Aad.jv/ is an open subgroup 0/ Hom^(M, Tad('/')); a'^c^ Fad,M is an 
open subgroup o/Fad x Hom^CM, rad(y')). 

Proof. With the above notation the assumption implies that the natural map 

S' f{M) ^ S'f[M) = N', s[^m',^ E^ s[m[ 

is injective and therefore an isomorphism. Thus by Proposition 16.11 the restriction 
induces a natural isomorphism 

Hom5,(Af',rad(^')) ^ Hom^(/(M),rad(v?'))- 



17 



The openness of the embedding (j6.4p . together with the surjectivity in (j3.6p for the 
inclusion A C A' , thus implies the openness of the embedding 

^%M) K HomA(/(M),r,d(v.'|^)). 

With ([321) it follows that 

Tad.M ^ Tad x Hom^(Af,rad(v?)) 

is an open embedding. This proves the assertion about TadjM, from which the asser- 
tion about Aad,M directly follows. □ 
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